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STRONG KRULL PRIMES AND FLAT MODULES
NEIL EPSTEIN AND JAY SHAPIRO
Abstract. There are several theorems describing the intricate relationship
between flatness and associated primes over commutative Noetherian rings.
However, associated primes are known to act badly over non-Noetherian rings,
so one needs a suitable replacement. In this paper, we show that the behavior
of strong Krull primes most closely resembles that of associated primes over
a Noetherian ring. We prove an analogue of a theorem of Epstein and Yao
characterizing flat modules in terms of associated primes by replacing them
with strong Krull primes. Also, we partly generalize a classical equational
theorem regarding flat base change and associated primes in Noetherian rings.
That is, when associated primes are replaced by strong Krull primes, we show
containment in general and equality in many special cases. One application
is of interest over any Noetherian ring of prime characteristic. We also give
numerous examples to show that our results fail if other popular generalizations
of associated primes are used in place of strong Krull primes.
1. Introduction
The theory of associated primes is an essential part of any introduction to com-
mutative Noetherian rings, and remains an important tool, especially in the modern
age where primary decompositions may be sometimes computed effectively. How-
ever, much of the theory breaks down in the non-Noetherian case. Specifically,
there are many axiomatic characterizations of the primes associated to an ideal
(or a module), all equivalent for ideals or finite modules over a Noetherian ring,
but which are all non-equivalent over general (non-Noetherian) commutative rings.
Hence, whenever one wants to generalize a theorem about Noetherian rings involv-
ing associated primes to the non-Noetherian case, the question arises as to which
generalization, if any, is the right one for the problem at hand. The problem with
the usual notion of associated primes (primes that are the annihilators of single
elements of a module) is that AssM is often empty even when M 6= 0.
The most common generalization seems to be the weakly associated primes, or
weak Bourbaki primes of an R-moduleM , denoted A˜ssRM . Their popularity stems
in part from the influence of Bourbaki, where they are introduced in an exercise
[Bou72, Chapter IV, Section 1, exercises 17-19]. One problem with this notion is
that it does not admit maximal elements (see Example 2.7). Another popular choice
is the set of Krull primes of a module, denoted KR(M), introduced in [Kru29]; see
also [FHO05], where infinite “primal” decomposition of ideals is explored via Krull
primes. One problem with the notion of Krull primes is that they do not respect
short exact sequences the way that associated primes do over Noetherian rings (see
Date: December 20, 2013.
2010 Mathematics Subject Classification. 13A99, 13B10, 13C11.
Key words and phrases. associated prime, strong Krull prime, flatness, base change.
1
2 NEIL EPSTEIN AND JAY SHAPIRO
Example 2.4). Another is that they differ from the associated primes even over
Noetherian rings (see Remark 2.2).
Here, we will instead concentrate on the strong Krull primes, or sKR(M). It
is unclear whether to attribute these to McDowell [McD75] (where they have the
name we use here) or Hochster [Hoc74] (where they correspond locally to saying
a module has “true grade 0”). These seem to work better than the other two
alternatives above for purposes of base change and other homological methods, a
claim that we justify. For example, we generalize a characterization of flat modules
over a Noetherian ring [EY12], due to the first named author and Y. Yao, to the
non-Noetherian case by replacing associated primes with strong Krull primes (see
Theorem 3.3). We also show that the analogue would fail for weakly associated
primes (see Example 3.6).
We also show that if S is a ring extension of R, L an R-module and M an
R-flat S-module, then sKS(L ⊗R M) ⊇
⋃
p∈sKR L
sKS(M/pM) (see Theorem 4.1).
While equality does not hold in general (see Example 4.2), we are able to show
that with certain additional assumptions on R and L, equality does hold (e.g.
Theorems 4.6 and 4.7). We then present an application of this result to a class
of non-Noetherian ring extensions that appears naturally in the study of prime
characteristic Noetherian rings (see Theorem 4.8 and Corollary 4.9). On the other
hand, if one were to use Krull primes instead, neither containment is valid, as we
show in counterexamples (see Remark 4.3 and Example 4.13).
The structure of the paper is as follows: In §2, we introduce the reader to var-
ious generalizations of associated primes. There we establish some key properties
of these prime sets, including known ones as well as a maximality result for strong
Krull primes. In §3, we characterize flat modules using strong Krull primes and
torsion-freeness. The contents of §4 are already outlined in the previous paragraph.
In §5, we explore the relationship between strong Krull primes and Hom-sets, gen-
eralizing a result of McDowell to a base change situation. Finally, in §6 we give
examples to show that even though strong Krull primes are a useful tool, the intu-
ition gleaned from working with associated primes over a Noetherian ring can lead
one astray when working with strong Krull primes.
Throughout the paper, we make extensive use of examples in order to show which
results are sharp and why strong Krull primes fit our purposes as well as they do.
2. Basics
In this paper we consider four generalizations of the Noetherian ring notion of
associated prime. We begin by collecting the properties known to be satisfied by
each definition. Then we give examples to show that some properties fail for some
of these notions. In doing so, we justify our choice to concentrate mainly on the
one given in the paper’s title.
Definition 2.1. Let R be a commutative ring, M an R-module. The four subsets
AssRM , A˜ssRM , KR(M), and sKR(M) of SpecR are defined as follows: For
p ∈ SpecR,
• We say that p is an associated prime of M (that is, p ∈ AssRM) if there is
some z ∈M such that p = ann z.
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• We say that p is weakly associated to M (that is, p ∈ A˜ssRM) if there
is some z ∈ M such that p is minimal over the ideal ann z. (These are
sometimes called weak Bourbaki primes.)
• We say that p is a Krull prime of M (that is, p ∈ KR(M)) if for any a ∈ p,
there is an element z ∈M such that a ∈ ann z ⊆ p.
• We say that p is a strong Krull prime of M (that is, p ∈ sKR(M)) if for
any finitely generated ideal I such that I ⊆ p, there is an element z ∈ M
such that I ⊆ ann z ⊆ p.
In all cases, the subscript R is optional when the ring is understood. (Parentheses
around the module in question are also optional.)
Note that AssRM , A˜ssRM , and sKR(M) coincide whenever R is Noetherian,
and that KR(M) also coincides when R is Noetherian and M is finitely generated.
In general, Ass(M) ⊆ A˜ss(M) ⊆ sK(M) ⊆ K(M), with none of the implications
reversible. For an overview (including three additional non-equivalent generaliza-
tions), see [IR84]. For the reader’s convenience, we provide a list of important
properties in the next Proposition, most of which are covered in [IR84]. However:
Remark 2.2. It was incorrectly stated in [McD75, p. 6] and reiterated in [IR84, p.
346] that AssRM = A˜ssRM = sKR(M) = KR(M) for any R-module whenever R
is Noetherian. However, there are Noetherian rings R and R-modules M for which
KR(M) 6= AssRM .
For instance, let (R,m) be any Noetherian local integrally closed domain of
dimension at least two, and let
M :=
⊕
f∈m
(R/fR) · ef ,
where the ef are free placeholder variables. Then m ∈ KR(M), since for any f in
m, f ∈ ann ef = fR ⊂ m. However, m /∈ AssRM . Otherwise, there is some z ∈M
such that m = ann z. But then there is a finite set of elements f1, . . . , fn ∈ m such
that z =
∑
i aiefi , so that m ∈ AssR (
⊕n
i=1(R/fiR) · efi). But since associated
primes respect direct sums, this means there is some i such that m ∈ AssR(R/fiR).
But since R is normal, every associated prime of a principal ideal has height at
most 1, and since m has height at least two, we have our contradiction.
However, it is true that ifM is a finitely generated module over a Noetherian ring
R (e.g. if it were cyclic, which for instance is the only case considered in [FHO05]),
then KR(M) = AssR(M), as can be seen via localization and prime avoidance.
Proposition 2.3. Let A be one of Ass, A˜ss, K, sK. Then we have the following,
where R is an arbitrary commutative ring with unity:
(1) For any A above and p ∈ SpecR, AR(R/p) = {p}.
(2) Containment is respected: Namely, for any A above, if L ⊆ M is an R-
submodule inclusion, then AR(L) ⊆ AR(M).
(3) The short exact sequence property: namely, if L ⊆ M is an R-submodule
inclusion, then AR(M) ⊆ AR(L) ∪ AR(M/L). This property holds if A =
Ass, A˜ss, or sK.1
1But not if A = K; see Example 2.4.
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(4) Detection of nonvanishing: If M is an R-module, then AR(M) 6= ∅ if and
only if M 6= 0. This property holds for A = A˜ss, K, or sK (but not for
A = Ass2).
(5) Local property: For p ∈ SpecR and M an R-module, we have p ∈ AR(M)
iff pRp ∈ ARp(Mp). This property holds for A = A˜ss, K, or sK (but not
for A = Ass3).
(6) Generalized local property: For W ⊂ R a multiplicative subset, we have
ARW (MW ) = {pRW | p ∈ AR(M) and p ∩W = ∅}.
Again, this property holds for A = A˜ss, K, or sK, but not for A = Ass.
At first blush, the notion of strong Krull prime looks more complicated than the
others, and hence one might expect it to be too unwieldy to work with. However,
we have found that it is more robust than the other notions for our purposes.
Example 2.4. We present an example to show that unlike strong Krull primes,
Krull primes do not obey the short exact sequence property. The raw materials are
more-or-less from McDowell [McD75, Example 2.2].
Let D = F [[x, y]], where F is a field, and let m := (x, y) be the unique maximal
ideal. Note that ys, x is a D-regular sequence for any positive integer s. Let K be
the total ring of quotients for D (i.e. its field of fractions), and let R := D+ tK[[t]],
where t is an analytic indeterminate over K. Then P := m + tK[[t]] is the unique
maximal ideal of R. Let L := R/tR. As a D-module, this is just isomorphic to
D ⊕ (K/D)t (with t an indeterminate with respect to D), where the R-module
structure is obtained by having t annihilate the module. McDowell notes that P is
in KR(L) but not in sKR(L). To see that P is in KR(L), one merely needs note that
every element of P is a zero-divisor on L. However, his argument that P /∈ sKR(L)
appears faulty; hence we give a different argument. We will come at the result
indirectly by producing a submodule U of L such that P /∈ KR(U)
⋃
KR(L/U).
This actually proves two things; first, it shows Krull primes do not satisfy the short
exact sequence property. Second, since sKR(N) ⊆ KR(N) for any R-module N , it
shows that P /∈ sKR(U) ∪ sKR(L/U), whence P /∈ sKR(L) (as strong Krull primes
do satisfy the short exact sequence property; see Proposition 2.3).
Let U := (Dy/D)t, considered as an R-submodule of L. Then P /∈ KR(L/U)
because P contains an (L/U)-regular element – namely y. Similarly, P /∈ KR(U)
because P contains a U -regular element – namely x (for which we use the fact that
x is (D/(ys))-regular for all positive integers s).
Remark 2.5. Note that in the above example we can replace F [[x, y]] with any local
ring D that contains a regular sequence of length 2, labelled say y, x. In particular,
one may set D := F [x, y](x,y). More generally, one may choose any integrally closed
Noetherian local domain of dimension at least two.
Next, we provide a property that distinguishes the strong Krull primes from the
weakly associated primes.
2The usual counterexample is R = k[X1, X2, . . .]/(X21 ,X
2
2
, . . .).
3Let k be a field and R := k[X1,X2, · · · , Y1, Y2, · · · ]/({X1XnYn | n ∈ N}). Let p :=
(x1, x2, · · · ). Then pRp is the annihilator of
x1
1
in Rp, but 0 is the only element of R that
can be annihilated by all of p; hence p /∈ AssR.
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Lemma 2.6. LetM be an R-module and p ∈ sKR(M). Then there is some maximal
element P of sKR(M) such that p ⊆ P .
Proof. Let {pj}j∈J be a chain in sKR(M) ∩ V (p). That is, J is a totally ordered
set, each pj ∈ sKR(M) ∩ V (p), and for j, j′ ∈ J with j ≤ j′, one has pj ⊆ pj′ . Let
Q :=
⋃
j pj . Let I = (a1, . . . , an) be a finitely generated subideal of Q. There is
some j ∈ J such that ai ∈ pj for all 1 ≤ i ≤ n, and hence I ⊆ pj. Since pj ∈
sKR(M), there is some z ∈M such that I ⊆ ann z ⊆ pj ⊆ Q, whence Q ∈ sKR(M).
Since Q ∈ V (p) as well, we have shown that every chain in sKR(M) ∩ V (p) has
an upper bound. Then by Zorn’s lemma, sKR(M) ∩ V (p) has a maximal element,
which then must be a maximal element of sKRM as well. 
Example 2.7. The corresponding fact does not hold for A˜ss. Let V be a valuation
domain with value group G := ⊕i∈NZ ordered lexicographically and valuation map
ν. We introduce some notation. Let ei ∈ G be the element with 1 in the ith
coordinate and 0 everywhere else, so that the set {ei}i∈N is a basis for the free
abelian group G. For each i = 1, 2 . . . the set
pi = {a ∈ V \ {0} | ν(a) =
∑
j
njej > 0 andmin{k | nk 6= 0} ≤ i} ∪ {0}
is a prime ideal of V . Moreover these primes, along with the zero ideal and the
maximal ideal m =
⋃
pi, comprise all the prime ideals of V . For each i, pick ai ∈ V
such that ν(ai) = ei; note that pi is minimal over the ideal (ai).
Choose any 0 6= a ∈ m. Then for any pi such that a ∈ pi, we have that pi ∈
A˜ssV (V/aV ). To see this, note that if ν(a) > ei, then
a
ai
∈ V and (aV :V
a
ai
) = (ai);
on the other hand if ν(a) ≤ ei, then since a ∈ pi, we have ν(a) = ei + nei+1 +∑
j>i+1 njej , where n ≤ 0, in which case
a
ai+1
∈ V and (aV :V ai+1) = (a/ai+1).
In both cases, pi is minimal over the resulting principal ideal.
Next, note that m is not minimal over any proper subideal. For suppose m
is minimal over some ideal J . Then for all i, J * pi. Take any x ∈ m. Since
m =
⋃
i pi, x ∈ pi for some i. Let a ∈ J \ pi. Then ν(a) < ν(x), so x/a ∈ V ,
and x = a · xa ∈ J , whence J = m. Since every ideal in V of the form (aV :V b)
is principal and m is not principal, it follows that m is not minimal over any such
ideal, whence m /∈ A˜ssV (V/aV ).
On the other hand, m ∈ sKV (V/aV ), as may be seen either by direct computation
or from the fact that A˜ssV (V/aV ) ⊆ sKV (V/aV ) along with Lemma 2.6 and the fact
that the only prime ideal containing the chain of elements comprising A˜ssV (V/aV )
is m itself.
The property from Lemma 2.6 can be leveraged to provide the following local
criterion for vanishing.
Theorem 2.8. Let M be an R-module and x ∈M . The following are equivalent:
(a) x = 0.
(b) x/1 = 0 in Mp for all p ∈ sKR(M).
(c) x/1 = 0 in MP for all maximal elements P of sKR(M).
Proof. Clearly ((a)) =⇒ ((b)) =⇒ ((c)). So assume x 6= 0. Let p be a minimal
prime over ann(x). Then p ∈ A˜ss(M) ⊆ sK(M), hence there is some maximal
element P ∈ sK(M) such that p ⊆ P , by Lemma 2.6. In particular, since ann(x) ⊆
P , one has x/1 6= 0 in MP . 
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3. Flatness criteria
The next result, which gives many equivalent criteria for flatness of a module
over a Noetherian ring, was proved by the first named author and Y. Yao in [EY12].
For this, we say that a module M over a commutative ring R with total quotient
ring Q is torsion-free if the natural map M →M ⊗R Q is injective.
Theorem 3.1 ([EY12, part of Theorem 2.2]). Let R be a commutative Noetherian
ring, let Q be the total quotient ring of R, and let M be an R-module. If M ⊗R Q
is a flat Q-module, then the following are equivalent:
(a) M is flat.
(b) AssR(L⊗R M) ⊆ AssR L for any R-module L.
(c) L⊗R M is torsion-free for every torsion-free R-module L.
(d) P ⊗R M is torsion-free for every P ∈ SpecR.
(e) TorR1 (R/P,M) is torsion-free for every P ∈ SpecR.
In any case, the following are equivalent:
(i) M is faithfully flat.
(ii) M ⊗R Q is flat over Q, and AssR(L⊗R M) = AssR L for every R-module
L.
(iii) M is flat and AssR(L⊗R M) = AssR L for every simple module L.
Here we extend this characterization to the non-Noetherian case, using strong
Krull primes in place of the Epstein-Yao usage of associated primes. We start with
the following lemma (where as in the rest of this paper, local does not necessarily
mean Noetherian):
Lemma 3.2. If (R,m) is local and M is a flat R-module, then for any R-module
L, if m ∈ sKR(L ⊗R M), then m ∈ sKR L. The reverse implication holds if M is
faithfully flat.
Proof. First recall that for (R,m) local, if N is any R-module, then m ∈ sKRN if
and only if for every finitely generated proper ideal I of R, HomR(R/I,N) 6= 0: If
0 6= g ∈ HomR(R/I,N), then I ⊆ annR(g(1¯)) ⊆ m. If conversely I ⊆ annR z ⊆ m
for some z ∈ N , then g : R/I → N given by g(a¯) := az is R-linear and nonzero.
Let I be a finitely generated proper ideal of R. Then since R/I is a finitely
presented R-module and M is flat, a standard result of homological algebra shows
that
HomR(R/I, L⊗R M) ∼= HomR(R/I, L)⊗R M.
But if the latter module is nonzero, then certainly HomR(R/I, L) 6= 0. This proves
the first statement. For the second statement, note that if M is faithfully flat and
HomR(R/I, L) 6= 0, then this module tensored with M is also nonzero. Then the
displayed isomorphism completes the proof. 
We are now ready to generalize Theorem 3.1 to the non-Noetherian case.
Theorem 3.3. Let R be a commutative ring, let Q be the total quotient ring of R,
and let M be an R-module. If M ⊗R Q is a flat Q-module, then the following are
equivalent:
(a) M is flat.
(b) sKR(L⊗R M) ⊆ sKR L for any R-module L,
(c) L⊗R M is torsion-free for every torsion-free R-module L.
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(d) I ⊗R M is torsion-free for every finitely generated ideal I of R.
(e) TorR1 (R/I,M) is torsion-free for every finitely generated ideal I of R.
In any case, the following are equivalent:
(i) M is faithfully flat.
(ii) M ⊗RQ is flat over Q, and sKR(L⊗RM) = sKR L for every R-module L.
(iii) M is flat and sKR(L ⊗R M) = sKR L for every simple R-module L.
Proof. First we prove ((a)) =⇒ ((b)). Let M be flat and p ∈ sKR(L ⊗R M).
Then Mp is Rp-flat and pRp ∈ sKRp(Lp ⊗Rp Mp), so by Lemma 3.2, we have
pRp ∈ sKRp(Lp), whence p ∈ sKR L.
To see that ((b)) =⇒ ((c)), we assume ((b)) and prove the contrapositive of
((c)). So suppose that N := L ⊗R M is not a torsion-free module. Then there is
some R-regular element a and 0 6= z ∈ N such that az = 0. That is, a ∈ annR z.
Let p be a prime ideal minimal over ann z. Then p ∈ A˜ssRN ⊆ sKRN ⊆ sKR L. In
particular, a ∈ p is a zero-divisor on L (since every strong Krull prime of a module
consists of zero-divisors on it), whence L is not torsion-free.
The proofs of ((c)) =⇒ ((d)) =⇒ ((e)) may be copied over from the proof of
[EY12, Theorem 2.2] with barely any changes (replacing P with I, of course).
To see that ((e)) =⇒ ((a)), we may again follow the proof of the corresponding
implication in the proof of [EY12, Theorem 2.2], this time noting the fact [Mat86,
Theorem 7.8] that the R-module M is flat iff TorR1 (R/I,M) = 0 for every finitely
generated ideal I of R.
To see that ((i)) =⇒ ((ii)), assume that M is faithfully flat over R. First note
that standard base change arguments show that M ⊗R Q is flat over Q and Mp is
faithfully flat over Rp for all p ∈ SpecR. Take any p ∈ SpecR. Then
p ∈ sKR L ⇐⇒ pRp ∈ sKRp Lp by Prop. 2.3 (6)
⇐⇒ pRp ∈ sKRp(Lp ⊗Rp Mp) by Lemma 3.2
⇐⇒ p ∈ sKR(L ⊗R M) again by Prop. 2.3 (6).
Then ((ii)) =⇒ ((iii)) because ((b)) =⇒ ((a)) when M ⊗R Q is flat over Q.
Finally, the proof that ((iii)) =⇒ ((i)) is the same as the corresponding impli-
cation in [EY12, Theorem 2.2], replacing Ass everywhere with sK, and using the
fact that for any R-module N , N = 0 ⇐⇒ sKRN = ∅. 
Remark 3.4. In addition to being a generalization of Theorem 3.1, the above
theorem is also a vast expansion of a result of Iroz and Rush. Namely, if one
combines Proposition 2.1 with Theorem 2.2 from [IR84], one obtains the following:
Let R be a commutative ring, S a commutative flat R-algebra, and L an R-module.
Then sKR(L⊗R S) ⊆ sKR L, with equality if S is faithfully flat over R.
This represents, in the special case where S = M , the implications ((a)) =⇒
((b)) and ((i)) =⇒ ((ii)) of our theorem.
Example 3.5. One might hope to be able to replace the finitely generated ideals
in the implication (e) =⇒ (a) with prime ideals (i.e. transport Theorem 3.1 to
the general case with no changes at all). However, this cannot work in general.
Let (R,m, k) be any local ring such that R 6= k and such that every prime ideal
is idempotent, i.e. P = P 2 for all P ∈ SpecR. (For example, one can take R to be
a valuation domain with value group Q⊕ · · ·⊕Q, any fixed number of copies, with
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lexicographic order.) Let M := R/m. Let P be any prime ideal of R. Then
P ⊗R M = P
2 ⊗R R/m ∼= P ⊗R P (R/m) = P ⊗R 0 = 0.
But TorR1 (R/P,M) is a submodule of P ⊗R M = 0, hence Tor
R
1 (R/P,M) = 0
as well, and 0 is a torsion-free R-module. Thus, condition (e) of Theorem 3.1 is
satisfied.
However, M cannot be flat over R. To see this, suppose M = k were flat over
R. Since k ⊗R m is the kernel of the identity map k = k ⊗R R → k ⊗R k = k (by
flatness of k applied to the short exact sequence 0 → m → R → k → 0), we have
k ⊗R m = 0. On the other hand, for any nonunit x ∈ R, we have an injective map
k⊗R (x)→ k⊗Rm (since k is flat), whence k⊗R (x) = (x)/(x)m = 0. Then by the
Nakayama lemma, (x) = 0. That is, all nonzero elements are units, whence R is
a field, contradicting our original assumption. Thus, condition (a) of Theorem 3.1
fails.
We use the following convention: if ϕ : R → S is a ring homomorphism, we let
ϕ∗ : SpecS → SpecR be the corresponding map of prime spectra.
Example 3.6. The result of Theorem 3.3 does not hold if sK is replaced by A˜ss.
Indeed, the implication (a) =⇒ (b) fails.
Heinzer and Ohm [HO71, Example 4.4] exhibit a flat extension ϕ : R → S of
integral domains and an element a ∈ R such that ϕ∗(A˜ssS(S/aS)) * A˜ssR(R/aR).
On the other hand, Lazard [Laz69, Proposition 3.1] shows that whenever ϕ : R→ S
is a flat ring map, A˜ssRN = ϕ
∗(A˜ssS N) for any S-module N . Hence, we have
A˜ssR((R/aR)⊗R S) = A˜ssR(S/aS) = ϕ
∗(A˜ssS(S/aS)) * A˜ssR(R/aR),
providing failure of the implication ((a)) =⇒ ((b)) when L = R/aR and M = S.
4. Strong Krull primes and change of rings
Let ϕ : R→ S be a homomorphism of Noetherian rings. Let L be an R-module
andM an S-module that is flat as an R-module. Then a useful theorem states that
(1) AssS(L⊗R M) =
⋃
p∈AssR(L)
AssS(M/pM).
(see for example [Mat86, Theorem 23.2]).
In this section, we consider this result for non-Noetherian rings with strong Krull
primes replacing associated primes. That is, when ϕ : R→ S is a homomorphism of
(not necessarily Noetherian) rings, L is an R-module, andM is an R-flat S-module,
we ask: When does the equality
(2) sKS(L⊗R M) =
⋃
p∈sKR L
sKS(M/pM)
hold? In the general setting we prove the containment “⊇”. That is, sKS(L ⊗R
M) ⊇
⋃
p∈sKR(L)
sKS(M/pM). However, we also give an example to show that
equality need not hold. We then show that the result holds if only R is assumed to
be Noetherian, so long as either L is a finitely generated R-module or the ring map
R→ S satisfies INC. It is known that equality holds if S = R[x] and M = S [IR84,
Theorem 2.5]. Generalizing that result somewhat, we show that if S is a content
algebra over R (a notion recalled in Definition 4.10), then the result holds if M = S
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and L is a cyclic R-module. Finally, we show that if Krull primes are used instead
of strong Krull primes, containment can fail in either direction.
Theorem 4.1. Let ϕ : R → S be a ring homomorphism, L an R-module, and M
an R-flat S-module. Then
sKS(L⊗R M) ⊇
⋃
p∈sKR L
sKS(M/pM).
Proof. Let p ∈ sKR L and Q ∈ sKS(M/pM). Let J be a finitely generated ideal of
S contained in Q. Then since Q ∈ sKS(M/pM), there is some t ∈M such that
J ⊆ (pM :S t) ⊆ Q.
Then Jt is a finitely generated S-submodule of pM . That is, we may write Jt =∑n
j=1 Saj , where each aj ∈ pM . In particular, there are elements mi of M and pij
of p such that
aj =
ℓ∑
i=1
pijmi
for each 1 ≤ j ≤ n. Let I := (pij) be the ideal of R generated by all the pijs. Since
I is a finitely generated ideal contained in p and p ∈ sKR L, there is some u ∈ L
such that
I ⊆ (0 :R u) ⊆ p.
Moreover, Jt ⊆ IM . So we have
Jt ⊆ IM ⊆ (0 :R u)M ⊆ pM.
Taking the colon with t, we get
(3) J ⊆ (((0 :R u)M) :S t) ⊆ (pM :S t) ⊆ Q.
Claim: (((0 :R u)M) :S t) = (0 :S (u⊗ t)), where u⊗ t is considered as an element
of the S-module L⊗R M .
Proof of the claim. Consider the following exact sequence of R-modules:
0→ (0 :R u)→ R
·u
→ L.
Since M is flat over R, we may tensor over R with M to get the following exact
sequence of S-modules:
0→ (0 :R u)M →M
(u⊗−)
→ L⊗R M.
But the kernel K of the rightmost map is the set of all z ∈M such that u⊗ z = 0
in L⊗R M . So
(((0 :R u)M) :S t) = (K :S t) = {s ∈ S | (u ⊗ st) = 0} = (0 :S (u ⊗ t)),
since S acts on L ⊗R M via the second factor of the tensor product, finishing the
proof of the claim.
Then (3) together with the claim above yields
J ⊆ (0 :S (u ⊗ t)) ⊆ Q,
which finally implies that Q ∈ sKR(L⊗R M), as was to be shown. 
We next present an example that shows that (2) can fail even when L is cyclic
andM = S. (In another variation, Example 6.3 will show failure when L = R = S.)
10 NEIL EPSTEIN AND JAY SHAPIRO
Example 4.2. In this example we construct a ring extension R ⊂ S, with S flat
over R (i.e., in (2), S = M), and a cyclic R-module L such that the containment in
Theorem 4.1 is strict. Specifically we will construct two valuation rings R ⊂ S with
value groups Q and Q⊕Q (with lex order), and valuations ν1 and ν2 respectively,
such that for a ∈ R we have ν2(a) = (ν1(a), 0). Assuming that we have constructed
such rings, let p denote the unique nonzero prime ideal of R and q ⊂ m the two
nonzero prime ideals of S. We claim that pS = q. To see this, first note that
clearly pS ⊆ q, since the first component of the value of any element in pS must
be positive. Conversely, for any b ∈ q, one has ν2(b) = (m,n) for some positive
rational number m and some n ∈ Q. Then choose a ∈ p with ν1(a) = m/2. It
follows that ν2(b/a) = (m/2, n). Hence b/a ∈ q, and so b = a(b/a) ∈ pq ⊆ pS.
Let 0 6= a ∈ p. Then sKR(R/aR) = {p}. Note that since R is a valuation ring
and S is torsion free over R, S is flat over R. Also, R/aR⊗R S ∼= S/aS. Similar to
the construction in Example 2.7, we can show that sKS(S/aS) = {q,m}. On the
other hand, since pS = q, we have
⋃
P∈sKR(R/aR)
sKS(S/PS) = sKS(S/q) = {q}.
Now we construct R and S. Fix a fieldK. Then the embedding of ordered groups
Q→ Q⊕Q, via q 7→ (q, 0), induces an embedding of F1 →֒ F2, where F1 and F2 are
the quotient fields of the group rings K[Q] and K[Q⊕Q] respectively. Now if ν1
and ν2 denote the natural valuations from F1 and F2 to Q and Q⊕Q respectively,
the associated valuation rings R and S satisfy the required assumptions.
Remark 4.3. It is clear from the definitions that if A is a valuation ring (or any
Be´zout domain) then for any A-module L, one has KA(L) = sKA(L). Hence, the
above example provides a situation where the containment “⊆” fails in Theorem 4.1
when strong Krull primes are replaced with Krull primes. Later, we will see that
the containment “⊇” also fails for Krull primes (cf. Example 4.13).
We now present some special cases where (2) does hold. First, we recall the
following result of Iroz and Rush:
Proposition 4.4. [IR84, Proposition 2.1] Let ϕ : R→ S be a ring homomorphism
and let N be an S-module. Then
ϕ∗(sKS N) = sKRN.
Then note the following:
Lemma 4.5. Let R be a commutative ring, M a flat R-module, and p ∈ SpecR.
If M/pM 6= 0, then sKR(M/pM) = AssR(M/pM) = {p}.
Proof. First note that M/pM ∼= (R/p) ⊗R M is flat as an (R/p)-module via base
change to R/p. Moreover, any flat module over an integral domain is torsion-free,
whence for any 0 6= z¯ ∈M/pM , p = annR(z¯), which proves the result. 
We now have tools to prove a “partially Noetherian” case of equality in (2), as
follows.
Theorem 4.6. Let ϕ : R → S be a homomorphism of commutative rings. Let L
be an R-module and M an R-flat S-module. Assume that R is Noetherian and L
is finitely generated. Then
sKS(L ⊗R M) =
⋃
p∈AssR L
sKS(M/pM).
Note: Our proof is adapted from the proof of [Mat86, Theorem 23.2].
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Proof. By Theorem 4.1, we need only show “⊆”. Let P ∈ sKS(L ⊗R M). Let
0 = Q1 ∩ · · · ∩Qr
be a primary decomposition of the submodule 0 ⊆ L such that AssL = ∪iAss(L/Qi).
Let Ci := L/Qi. Then there is an injective R-module map L →֒
⊕r
i=1 Ci. Hence,
by flatness, we also have an injection
L⊗R M →֒
r⊕
i=1
(Ci ⊗R M).
Then since strong Krull primes respect inclusion of modules and satisfy the strong
exact sequence property, P ∈ sKS(Ci ⊗R M) for some i. But by construction,
AssR(Ci) = {p} for some p ∈ AssR L. We claim that ϕ∗(P ) = p.
To see this, note that since Ci is finitely generated and p-coprimary, there is
some positive integer n with pnCi = 0. Then ϕ(p
n) · (Ci ⊗M) = 0 as well, so that
pn ⊆ ϕ∗(P ) (since every strong Krull prime of a module contains the annihilator
of that module), whence p ⊆ ϕ∗(P ). On the other hand, for any y ∈ R \ p, we get
the following exact sequence:
0→ Ci
·y
→ Ci.
Then tensoring with the R-flat S-module M , we get the following exact sequence
of S-modules:
0→ Ci ⊗R M
·ϕ(y)
→ Ci ⊗R M.
Since every element of a strong Krull prime of a module is a zero-divisor on that
module, we have ϕ(y) /∈ P , whence y /∈ ϕ∗(P ). This shows that ϕ∗(P ) ⊆ p, so that
finally p = ϕ∗(P ), as per the claim.
Now, since Ci is a finitely generated R-module, it has a prime filtration. That
is, there is a nested sequence of modules
0 = D0 ⊂ D1 ⊂ · · · ⊂ Dk = Ci,
and (not necessarily distinct) prime ideals p1, . . . , pk ∈ SpecR such that for each j,
Dj/Dj−1 ∼= R/pj.
Tensoring with M and using its flatness, we get Dj−1 ⊗R M ⊆ Dj ⊗R M and
(Dj ⊗R M)/(Dj−1 ⊗R M) ∼= M/pjM
for each 1 ≤ j ≤ k.
Hence by the short exact sequence property,
P ∈ sKS(Ci ⊗M) ⊆
⋃
j
sKS(M/pjM).
That is, there is some j with P ∈ sKS(M/pjM). But then
p = ϕ∗(P ) ∈ ϕ∗[sKS(M/pjM)] ⊆ {pj},
where the last containment is a result of Lemma 4.5 and Proposition 4.4. Thus,
p = pj, so P ∈ sKS(M/pM) with p ∈ AssR L, as was to be shown. 
The above result is somewhat limited even in the Noetherian case, in that it
assumes that L is finitely generated. There is, however, more that we can do:
Theorem 4.7. Let ϕ : R → S be a ring homomorphism, where R is Noetherian.
Let L be an R-module and M an R-flat S-module.
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(i) Given any P ∈ sKS(L⊗RM), there is some P ′ ∈ (ϕ∗)−1(ϕ∗(P )) such that
P ′ ⊆ P and P ′ ∈
⋃
p∈AssR L
sKS(M/pM),
(ii) The sets sKS(L⊗RM) and
⋃
p∈AssR L
sKS(M/pM) have the same minimal
elements, and
(iii) If ϕ further satisfies “INC” (that is, for any prime p ∈ SpecR, the elements
of the set (ϕ∗)−1({p}) are pairwise incomparable), then
sKS(L ⊗R M) =
⋃
p∈AssR L
sKS(M/pM).
Proof. In (i), let q := ϕ∗(P ). For the moment we will assume that R is local with
maximal ideal q and that S is local with maximal ideal P . By Proposition 4.4,
we have q ∈ sKR(L ⊗R M) = AssR(L ⊗R M) (since R is Noetherian). Thus, q is
the R-annihilator of some element η =
∑t
i=1 xi ⊗ yi ∈ L ⊗R M , with each xi ∈ L
and yi ∈ M . Let L′ :=
∑t
i=1Rxi ⊆ L. Then q is the R-annihilator of the element
η =
∑t
i=1 xi ⊗ yi ∈ L
′ ⊗R M (since M is flat over R), so q ∈ AssR(L′ ⊗R M) =
ϕ∗[sKS(L
′⊗RM)]. Say P ′ ∈ sKS(L′⊗RM) with q = ϕ∗(P ′). Then by Theorem 4.6,
there is some p ∈ AssR L′ ⊆ AssR L with P ′ ∈ sKS(M/pM). Moreover, since P is
the unique maximal ideal of S, we have P ′ ⊆ P .
Now we drop the assumption that the rings are local with q, P as their respective
maximal ideals. Let ψ : Rq → SP be the localized version of ϕ. Since P ∈
sKS(L⊗RM), we have PSP ∈ sKSP ((L⊗RM)P ). But (L⊗RM)P = Lq⊗Rq MP ,
so PSP ∈ sKSP (Lq⊗Rq MP ). Then the argument in the previous paragraph shows
that there is some prime ideal P ′SP ⊆ PSP with ψ∗(PSP ) = ψ∗(P ′SP ) = qRq and
an element pRq ∈ AssRq Lq with P
′SP ∈ sKSP (MP /pMP ). But this is the same
as saying that there is some p ⊆ q with p ∈ AssR L and a prime ideal P ′ ⊆ P with
ϕ∗(P ) = ϕ∗(P ′) = q such that P ′ ∈ sKS(M/pM). This finishes the proof of (i).
Notice that (ii) follows directly from (i) and Theorem 4.1.
If moreover ϕ satisfies INC, then let q, P , and P ′ be as in the argument above.
Since P ′ ⊆ P are members of the same antichain (namely (ϕ∗)−1({q})), we have
P = P ′, which (in conjunction with Theorem 4.1) shows that (iii) holds. 
One situation where this occurs is the following: Let R be a Noetherian reduced
ring of prime characteristic p > 0. Let R∞ be the perfect closure of R. That is,
R∞ results from adjoining unique pnth roots of all the elements of R, for all n ∈ N.
(This was first introduced in [Gre65]; it has proved quite useful in the theory of
tight closure, e.g. [HH90, NS04]4.) Then R∞ is also reduced. However, R∞ is only
Noetherian if R is a product of finitely many fields [NS04, Theorem 6.3].
Recall that if a reduced Noetherian ring R is excellent (e.g. any localization or
completion of a quotient of a polynomial ring), then the regular locus is an open,
dense subset of SpecR. This means that there is a fixed nonzero ideal I such that
for a multiplicatively closed subset W of R, RW is regular iff I ∩W 6= 0. In this
sense, “most” localizations of R are regular.
Now, if W ⊆ R is a multiplicative set such that RW is regular, then (RW )∞ is
flat over RW [Kun69]. It is easily seen that (RW )
∞ ∼= (R∞)W , so since RW is flat
over R and (RW )
∞ is flat over RW , it follows that (RW )
∞ = (R∞)W is an R-flat
R∞-module. Moreover, since R∞ is clearly integral over R, it satisfies “INC” as
above. Hence, we obtain the following application of Theorem 4.7.
4We adhere to the convention that authors be listed in alphabetical order.
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Theorem 4.8. Let R be a reduced Noetherian ring of prime characteristic p > 0.
Let W ⊆ R be a multiplicative set such that RW is regular. Let L be any R-module.
Then
sKR∞(L⊗R (R
∞)W ) =
⋃
p∈AssR L
sKR∞((R
∞/pR∞)W ).
Hence, if Q ∈ SpecR∞ with Q ∩W = ∅, then Q ∈ sKR∞(L⊗R R
∞) if and only if
there is some p ∈ AssR L such that Q ∈ sKR∞(R∞/pR∞).
In the case where we can set W = {1}, we have the following.
Corollary 4.9. Let R be a regular Noetherian ring of prime characteristic p > 0.
Let L be any R-module. Then
sKR∞(L⊗R R
∞) =
⋃
q∈AssR L
sKR∞(R
∞/qR∞).
We next show that equality holds in the case of cyclic R-modules, when S is a
content algebra over R. Recall the definition of content algebras.
Definition 4.10. [OR72] Let ϕ : R → S be a homomorphism of commutative
rings. We define the content map c = cϕ : S → {ideals of R} as follows:
c(f) :=
⋂
{I | I is an ideal of R such that f ∈ IS}.
We say that S is a content algebra over R if the following four axioms hold:
(1) For all f ∈ S, f ∈ c(f)S.
(2) For all f ∈ S and r ∈ R, c(rf) = rc(f).
(3) c(1) = R.
(4) (Dedekind-Mertens property) For all f, g ∈ S, there exists n ∈ N such that
c(f)nc(fg) = c(f)n+1c(g).
A motivating example is where S = R[X ]; in that case, one sees easily that the
content of a polynomial is just the ideal generated by its coefficients.
We collect some known properties of content algebras below:
Proposition 4.11. Let ϕ : R→ S be such that S is a content algebra over R.
(a) S is faithfully flat as an R-module. [OR72, Corollary 1.6]
(b) If p ∈ SpecR, then pS ∈ SpecS. [Rus78, Theorem 1.2]
(c) For all f ∈ S, c(f) is a finitely generated ideal of R. [OR72, discussion
after 1.2]
(d) For any f, g ∈ S such that c(g) = R, we have c(fg) = c(f). [OR72, 6.1].
(e) For any ideal I of R and any element g ∈ S, one has g ∈ IS if and only if
c(g) ⊆ I. [OR72, 1.2(iv)]
(f) Let W ⊆ S be a multiplicative subset, and let V := W ∩ R. Suppose
that for all w ∈ W , c(w) ∩ V 6= ∅. Then under the obvious localized map
ϕ′ : RV → SW , one has that SW is a content RV -algebra, and the content
map is given by c(f/w) = c(f)V . [OR72, Theorem 6.2]
(g) Hence if W is the set of elements of S of unit content, then SW is a content
algebra over R via the composite map R→ S → SW . [OR72, 6.3]
We use the above properties without comment in proving the following result.
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Theorem 4.12. Let R be a ring, a an ideal of R, and R → S a content algebra.
Then
sKS(S/aS) = {pS | p ∈ sKR(R/a)} =
⋃
p∈sKR(R/a)
sKS(S/pS).
Proof. By Theorem 4.1 it suffices to show containment in only one direction, namely
if Q ∈ sKS(S/aS), then Q = pS for some p ∈ sKR(R/a). We will first show that
p := Q ∩ R is in sKR(R/a). To that end, let I be a finitely generated R-ideal
contained in p. Then IS is a finite S-ideal and IS ⊆ pS ⊆ Q, so by our choice of
Q, there is some g ∈ S such that
IS ⊆ (aS :S g) ⊆ Q.
We have that c(g) is a finitely generated ideal of R; say c(g) = (r1, . . . , rn). Then
for any a ∈ I, we have ag ∈ aS, so that ac(g) = c(ag) ⊆ a, which means that
ari ∈ a for all i. That is,
I ⊆
n⋂
i=1
(a :R ri).
On the other hand, for any a ∈
⋂n
i=1(a :R ri), we have c(ag) = ac(g) ⊆ a, so that
ag ∈ aS, whence a ∈ ((aS :S g) ∩ R) ⊆ Q ∩ R = p. Thus,
⋂n
i=1(a :R ri) ⊆ p, so
there is some j with 1 ≤ j ≤ n such that (a :R rj) ⊆ p. In sum, we have
I ⊆ (a :R rj) ⊆ p,
which shows that p ∈ sKR(R/a).
The last thing we need to show is that if Q ∈ sKS(S/aS) and p = Q ∩ R, then
Q = pS. Setting W := R \ p, since SW is a content Rp-algebra, it is enough to
show the result when (R, p) is local.
In that case, suppose there is some b ∈ Q \ pS. Then c(b) * p, whence (since p
is the unique maximal ideal of R), we have c(b) = R. Since Q ∈ sKS(S/aS), there
is some g ∈ S such that
b ∈ (aS :S g) ⊆ Q.
But then bg ∈ aS, so that c(g) = c(bg) ⊆ a (where the equality follows from the
fact that c(b) = R), whence g ∈ aS and (aS :S g) = S, contradicting the fact that
this colon ideal is supposed to be in Q. 
In particular, the above result applies to the localization R(X) of R[X ] at the set
of polynomials with unit content, or (in view of Proposition 4.11, part (f)) many
other localizations between R[X ] and R(X).
Example 4.13. We show here that the containment in Theorem 4.1 does not hold
for Krull primes, even when M = S is a polynomial extension and L is cyclic. Let
R be a ring, L an R-module, and P ∈ SpecR such that P ∈ KR(L)\ sKR(L) (recall
the existence of such R, L, and P from Example 2.4 – an example which also shows
that L may be taken to be a cyclic R-module). Let u be an indeterminate over R
and S := R[u]. Note that L ⊗R S ∼= L[u]. Now recall [IR84, Theorem 2.5], which
says that
{pR[u] | p ∈ sKR(L)} = KS(L[u]) = sKS(L[u]).
It follows that although P ∈ KR(L) (and clearly KR[u](R[u]/PR[u]) = {PR[u]},
since PR[u] ∈ SpecR[u]), one has PR[u] /∈ KR[u](L[u]).
Note also that the analogue of Proposition 4.4 fails for Krull primes. It is shown
in [IR84, Proposition 2.3] that for any ring map ϕ : R → S and S-module N , one
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has ϕ∗[KS(N)] ⊆ KR(N). However, letting R, S, L, P be as above, set N := L[u];
then P ∈ KR(N), but P is not the contraction of any element of KS(N).
5. Strong Krull primes and Hom-sets
Next, we recall the following characterization of strong Krull primes in terms of
Hom-sets. As the given reference is not widely available, we also provide a proof
for the reader’s convenience.
Lemma 5.1. [McD75, part of Proposition 1.4] Let (R,m) be a local commutative
ring and M an R-module. Then m ∈ sKRM if and only if for every finitely
presented nonzero R-module L,
HomR(L,M) 6= 0.
Proof. First, suppose HomR(L,M) 6= 0 for all finitely presented nonzero L. Then
since for every finitely generated proper ideal I, R/I is a finitely presented nonzero
R-module, one has HomR(R/I,M) 6= 0 for all such I. But then if 0 6= g ∈
HomR(R/I,M) then g(1¯) 6= 0, and we have I ⊆ ann g(1¯) ⊆ m, where 1¯ is the
image of 1 in R/I. Hence, m ∈ sKRM .
Conversely, suppose m ∈ sKRM . Let L be a finitely presented nonzero R-
module. This means that there is an exact sequence of the following form:
Rt
α=(rij)
−→ Rs → L→ 0.
Here (rij) represents an s × t matrix of elements of R. Since R is local, we may
assume that each rij ∈ m. (If not, one can represent some generator of L as an
R-linear combination of the other generators and shrink the matrix accordingly.)
Let J be the ideal generated by the set {r1j | 1 ≤ j ≤ t}. Then J is a proper,
finitely generated ideal of R. If we let e1, . . . , es be the unit basis vectors of R
s with
respect to the given matrix, let U := Je1 ⊕ (
⊕s
i=2Rei) and let K := imα. Then
we claim that K ⊆ U .
To see this, note that K is generated by the elements kj :=
∑s
i=1 rijei for
1 ≤ j ≤ t. But kj = r1je1 + (
∑s
i=2 rijei) ∈ U since r1j ∈ J . Therefore, there is a
surjection Rs/K ։ Rs/U . But Rs/U ∼= R/J . Since J is a finitely generated proper
ideal and m ∈ sKR(M), we have J ⊆ ann z ⊆ m for some z ∈M , whence there is a
nonzero R-linear map β : R/J →M given by r¯ 7→ rz. Hence, the composition
L ∼= Rs/K ։ Rs/U ∼= R/J
β
→M
is also a nonzero map, whence HomR(L,M) 6= 0. 
The next result follows directly from the lemma.
Theorem 5.2. [McD75, Proposition 2.6] Let R be a commutative ring, L a finitely
presented R-module, and M an R-module. Then:
sKRHomR(L,M) = SuppR L ∩ sKRM.
Again, we provide a proof for the convenience of the reader.
Proof. Since membership in sK is a local property, we may assume (R,m) is local
and then check for the presence of the element m in each side of the equation.
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First, assume m ∈ sKR HomR(L,M). Then for any finitely generated ideal I, we
have
0 6= HomR(R/I,HomR(L,M)) ∼= HomR(L⊗R R/I,M)
∼= HomR(L,HomR(R/I,M))
by Hom-⊗ adjointness.
Thus, L 6= 0 (which means that m ∈ SuppL) and HomR(R/I,M) 6= 0 (which
shows that m ∈ sKR(M)).
Conversely, assume that m ∈ SuppR L ∩ sKRM . Say L
∼= Rs/K, where K is a
finitely generated submodule of Rs. Let I be a finitely generated ideal of R. Then
L/IL ∼= R
s
K+IRs . But K+IR
s is a finitely generated submodule of Rs, which means
that L/IL is finitely presented. Moreover, it is nonzero by the Nakayama lemma
(since L 6= 0 is finitely generated and I ⊆ m). Hence, by Lemma 5.1,
0 6= HomR(L/IL,M) ∼= HomR(L ⊗R R/I,M) ∼= HomR(R/I,HomR(L,M)).
Since I was arbitrary, it follows that m ∈ sKR HomR(L,M). 
Generalizing to a base change situation, we have the following:
Theorem 5.3. Let ϕ : R → S be a ring homomorphism, L a finitely presented
R-module, and M an S-module. Then
sKS HomR(L,M) = (ϕ
∗)−1(SuppR L) ∩ sKSM.
Proof. We begin with the following claim:
SuppS(S ⊗R L) = (ϕ
∗)−1(SuppR L).
Proof of the claim. It is enough to show that if γ : (R,m) → (S, n) is a local
homomorphism of (not necessarily Noetherian) local rings and L a finitely presented
R-module, then L 6= 0 if and only if S ⊗R L 6= 0. It is obvious that if S ⊗R L 6= 0
then L 6= 0. So suppose that L 6= 0. Let (aij) be a minimal presenting matrix for
L over R. Then each aij ∈ m. But then (γ(aij)) presents S ⊗R L over S and each
γ(aij) ∈ n, hence the presentation is minimal, so that in particular, S ⊗R L 6= 0.
Next note that HomR(L,M) ∼= HomS(S⊗RL,M) as S-modules, and that S⊗RL
is finitely presented over S (just base-change the presenting matrix of L over R to
S). So by Theorem 5.2 above, we have
sKS HomR(L,M) = sKS HomS(S ⊗R L,M)
= SuppS(S ⊗R L) ∩ sKSM
= (ϕ∗)−1(SuppR L) ∩ sKSM,
where the final equality follows from the initial claim. 
6. Some cautionary counterexamples
The reader may by this time feel that strong Krull primes are a nearly perfect
replacement in non-Noetherian rings to the notion of associated primes in Noether-
ian rings, and that most everything true in the latter context may be reformulated
to be true in the former context. In the interest of honing one’s intuition, therefore,
it is important to note the following examples where the behavior of strong Krull
primes is really quite different from what one expects from working with associated
primes over Noetherian rings.
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Example 6.1. We first give an example of a finitely generated module M over a
ring R where p ∈ sK(M), but no submodule L of M satisfies sK(L) = {p}.
Let V be a valuation ring with value group Z ⊕ Z ordered lexicographically.
Thus V has exactly two nonzero prime ideals p ⊂ m. We first claim that for any
0 6= a ∈ m, sK(V/aV ) = {m} if a 6∈ p and sK(V/aV ) = {p,m}, if a ∈ p. In the first
case m is the only prime ideal that contains aV , so aV is m-primary. In the latter
case, since p is minimal over aV , p ∈ sK(V/aV ). Additionally, for any b ∈ m \ aV ,
(aV : a/b) = bV , and so if b ∈ m \ p, a priori m is a minimal prime over bV . Thus
we also have m ∈ sK(V/aV ), which completes the proof of the claim.
Let 0 6= a ∈ p, so sK(V/aV ) = {p,m}. We will show that no submodule L of
V/aV satisfies sK(L) = {p}. It suffices to do this for cyclic submodules L. However
for b ∈ m \ aV , (aV : b) = (a/b)V . Thus L must be isomorphic to V/cV for some
c ∈ V . Hence by the claim, sK(L) 6= {p}.
This can never happen if R is Noetherian, for in that case if p ∈ sK(M) =
Ass(M), R/p embeds as an R-submodule ofM , and {p} = AssR(R/p) = sKR(R/p).
Note also that in this example, KV (V/aV ) = A˜ssV (V/aV ) = sKV (V/aV ), so
that Krull primes and weakly associated primes exhibit the same pathology.
Example 6.2. Recall that in a reduced Noetherian ring R, Ass(R) is exactly the
set of minimal primes of R. We show below that a reduced ring R may have the
property that sK(R) includes a non-minimal prime, even when R is local.
Let T = K[X1, X2, . . .]P , where P is the maximal ideal of K[X1, X2, . . .] gen-
erated by all the Xi, and K is a field. Let R = T/(XiXj ; i 6= j). Then R is a
reduced, non-Noetherian local ring of dimension 1. We denote the image of Xi in
R by xi. The maximal ideal m of R is generated by the set {xi}i=1,2,.... The other
prime ideals are of the form pi := ({xj | j 6= i}) (one for each positive integer i).
We will show that m ∈ sKR(R). Let I := (f1, . . . , ft) be a finitely generated ideal
contained in m. Each fi can be written as a sum gi1 + gi2 + · · ·+ gimi , where each
gij is a polynomial in a single variable xsij , with constant term zero. Pick an index
k such that k > sij for all i and j. Then xkxsij = 0 for all i. Thus xkfi = 0 for all
i, whence I ⊆ ann(xk) ⊆ m, so that m ∈ sKR(R).
Of course, m ∈ KR(R) as well, so Krull primes exhibit the same pathology.
Example 6.3. If {Mi} is an indexed set ofR-modules, one always has AssR(⊕iMi) =⋃
iAssR(Mi). Here we show that this equality does not hold when Ass is replaced
by sK. Our construction also provides a counterexample to the equality (2) from
§4 in the case where L = R = S.
Let V , m, and pi (i ∈ N) be as in Example 2.7. Fix an element z ∈ V such
that v(z) = (1, 0, 0, . . .), with zeros at all spots except the first entry. Note that
z ∈ p1 \ (0). Let R := V/(z). Then the prime spectrum of R is P1 ⊂ P2 ⊂ · · · ⊂ n,
where Pi := pi/(z) and n := m/(x). For each positive integer i, let Mi := RPi ,
thought of as an R-module, and M := ⊕∞i=1Mi. First note that sKR(Mn) =
sKR(RPn) = ℓ
∗
n(sKRPn (RPn)) ⊆ ℓ
∗
n(SpecRPn) = {P1, . . . Pn} (with the second
equality by Proposition 4.4), where ℓn : R→ RPn is the localization map.
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On the other hand, we have
sKR(Mn) = sKR(RPn) = ℓ
∗
n(sKRPn (RPn))
= ℓ∗n({QRPn | Q ∈ sKR(R), Q ⊆ Pn})
= {Q ∈ sKR(R) | Q ⊆ Pn} ⊇ {Q ∈ A˜ssR(R) | Q ⊆ Pn}
= {q/(z) | q ∈ A˜ssV (V/(z)), q ⊆ pn} = {pi/(z) | 1 ≤ i ≤ n}
= {Pi | 1 ≤ i ≤ n}.
Thus, sKR(Mn) = {P1, . . . , Pn}.
In particular, n /∈
⋃
i sKR(Mi). But n ∈ sKR(M). To see this, let I be a finitely
generated subideal of n. Then I = yR for some y ∈ n =
⋃
i Pi, so that y ∈ Pi
(i.e. I ⊆ Pi) for some i. But Pi ∈ A˜ssR(Mi) ⊆ sKR(Mi), whence there is some
z ∈Mi ⊆M such that I ⊆ annR(z) ⊆ Pi ⊆ n. Thus, sK does not respect countable
direct sums.
Finally, we show that Equation 2 fails for this M when L = R = S. We have
n ∈ sKR(M). However, for any P ∈ SpecR, we have n /∈ sKR(M/PM), as we now
demonstrate. When P 6= n, then by Lemma 4.5, we have sKR(M/PM) ⊆ {P}, a
set that does not contain n. On the other hand, M/nM = 0. To see this, let z ∈M .
Then z = ⊕ni=1
ri
si
for some n, where each risi ∈ RPi . Let a ∈ n \
⋃n
i=1 Pi. Then
y = ⊕ni=1
ri
asi
∈M and z = ay ∈ nM . Since M/nM = 0, we have sKR(M/nM) = ∅,
which again does not contain n.
Example 6.4. Finally, in a Noetherian ring R, every ideal consisting of zero-
divisors is contained in an element of AssR. One might hope the analogous fact
would hold for strong Krull primes of a commutative ring, but such is not the case,
even when R is reduced, as seen below. Indeed, in our example, said ideal will even
avoid containment in Krull primes.
Let (D,Q) be a local Noetherian integral domain of positive dimension, and
define E to be the direct sum of denumerably many copies of D/Q, with multipli-
cation on E defined coordinatewise. The bowtie ring R := D ⊲⊳ E is defined by
imposing the following multiplication on D⊕E: if d1, d2 ∈ D and e1, e2 ∈ E, then
(d1, e1) · (d2, e2) := (d1d2, d1e2 + d2e1 + e1e2). It was shown in [DS12, Proposition
1] that this ring is its own total ring of quotients, i.e., every nonunit of R is a
zero-divisor. It is not difficult to see that for each (prime) ideal P of D, the set
P ⊲⊳ E := {(d, a) : d ∈ P} is a (prime) ideal of R, which is a maximal ideal iff
P = Q. We write m := Q ⊲⊳ E. Since m is a maximal ideal consisting of zero-
divisors, to finish the example it will suffice to show that m /∈ KR(R). To this end,
it is enough to show that mRm is not in KRm(Rm). We first claim that 0 ⊲⊳ E is the
kernel of the canonical map R → Rm. To see this, define for i = 1, 2, . . . elements
ei := (δik) ∈ E. Then in R we have (1,−ei)(0, ei) = (0, 0). Since (1,−ei) ∈ R \ m,
it follows that 0 ⊲⊳ E is contained in the kernel. As 0 ⊲⊳ E is a prime ideal, it in
fact must equal the kernel, proving the claim. It then follows that Rm = DQ = D
and mRm = Q. Since Q is not an associated prime of the Noetherian ring D, we
have the desired example.
Of course, m also fails to be in A˜ss(R) or sK(R), so strong Krull primes and
weakly associated primes exhibit the same pathology.
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